Due to a directional asymmetry of neutrino emission caused by parity violation, a sample of radioactive atoms experiences a small recoil force from neutrino radiation accompanying electron capture by polarized nuclei. An expression for this force is obtained for the case of allowed nuclear transitions. Prospects to measure this force by the use of modern micromechanical devices are considered. Numerical estimates for the force are presented for a number of most suitable radioactive isotopes. Potential applications for the weak interaction studies are discussed including the possibility to search for hypothetical Lorentz invariance violation.
Due to a directional asymmetry of neutrino emission caused by parity violation, a sample of radioactive atoms experiences a small recoil force from neutrino radiation accompanying electron capture by polarized nuclei. An expression for this force is obtained for the case of allowed nuclear transitions. Prospects to measure this force by the use of modern micromechanical devices are considered. Numerical estimates for the force are presented for a number of most suitable radioactive isotopes. Potential applications for the weak interaction studies are discussed including the possibility to search for hypothetical Lorentz invariance violation.
I. INTRODUCTION
Discussion on new feasible neutrino sources for neutrino oscillation studies contributed to renewed interest in electron capture (EC) because EC-unstable ions generate monochromatic electron neutrinos. Proposals [1, 2] for the EC based neutrino sources appeared as a part of a more general concept to use β-decaying nuclei (or ions with such nuclei) accelerated and accumulated in a storage ring to produce intense collimated neutrino beams (β beams) [3] (for more details on β beam projects, see [4, 5] ). With neutron-deficient nuclei decaying via β + or EC, one can form modulated completely or partially monochromatic neutrino beams (β and EC beams); such beams could be useful for neutrino oscillation experiments, as well as for other investigations in physics of the weak interaction (see [6, 7] and references therein).
Recent study [8] (see also [9, 10] ), initiated by proposals [1] [2] [3] on collimated neutrino beams, is devoted to another aspect of EC. It concerns a recoil force resulted from the asymmetry of neutrino emission in EC involving polarized nuclei. To begin, let a nucleus with spin J i capture an electron from the x-shell, undergo a transition to the n-th state of the daughter nucleus with spin J f and energy E * n (E * 0 = 0 for transitions to the ground state n = 0) and emit an electron neutrino with energy
Here ∆(mc 2 ) is the difference of the rest energies of the initial and final atoms, E x is the final atom excitation energy (the atom has a hole in the x-shell), E R E 2 νnx /(2m f c 2 ) is the recoil energy for the final atom of mass m f .
The simple relation between E R and E νnx is due to the fact that the final state consists of only two particles, neutrino and final atom, so the energies of these particles are fixed by energy and momentum conservation laws. The recoil energy E R is very small and is usually * titov oa@nrcki.ru neglected. However, in the early studies of weak interactions the recoil effect in elementary processes was a subject of careful analysis as an indirect evidence for the neutrino existance. The first successful measurement of E R was reported for the reaction 7 Be+e − → 7 Li+ν e [11] .
If there is no preferred direction in space, then the angular distribution of neutrinos (and recoil atoms) is isotropic. In particular, in the experiment [11] , radioactive 7 Be atoms, deposited on a platinum foil, received a recoil momentum to the foil or in the opposite direction with equal probability. In the latter case, the ions escaped the metal surface and reached spectrometer that measured their kinetic energy. However, when the nuclei are polarized along some axis z, the angular distribution is anisotropic due to parity violation. Then, if, for example, the neutrinos are emitted predominantly opposite to z-axis, the recoil atoms will conversely receive momentum along z-axis.
Clearly, the recoil momentum is transferred to the sample if the radioactive atoms are bound in it. Thus, for polarized nuclei, a recoil force emerges, acting on the sample as a whole. As was shown in Ref. [8] , this force can be detected using an atomic force microscope. This is of interest because neutrino experiments are extremely complicated due to very small cross sections of weak processes. Therefore, it is useful to understand the possibilities of a new method to observe neutrinos, in particular, prospects to measure the neutrino mass as suggested in Ref. [9] . Note that a similar idea of using gravitational wave detector technology to measure and constrain particle interactions was discussed in Ref. [12] .
Unfortunately, only one type of allowed transitions was considered in Ref. [8] , a pure Gamow-Teller transition J i → J f = J i − 1 (π i = π f ), and the features of the weak interaction were accounted only qualitatively. Namely, for the transition specified, it was assumed that if the initial nuclei are completely polarized along z-axis, then all the neutrinos are emitted opposite to this axis (such a neutrino beam was named "directed").
In fact, the angular distribution of neutrinos (treated as massless particles) in EC for allowed nuclear transiarXiv:1810.09896v1 [nucl-th] 23 Oct 2018 tions, as was first shown in Ref. [13] , is given by
where θ is the angle between the neutrino momentum and the polarization axis (z-axis), P is the polarization of the initial nuclei, B is the asymmetry coefficient. Since B = −1 for the transition J i → J i − 1, then the neutrinos are emitted in all directions except θ = 0, if P = 1; the angle θ = π corresponds to the maximum of the neutrino angular distribution. Thus, the direction opposite to the polarization axis is the most probable direction of neutrino emission, but not the only one. Therefore, the directionality of the neutrino beam was strongly overestimated in Ref. [8] . This led, accordingly, to an overestimation of the average recoil momentum per neutrino emission and, consequently, of the recoil force acting on a sample. The paper is organized as follows. In Section II we briefly derive the angular distribution (2) of neutrinos emitted in EC by polarized nuclei for the case of allowed nuclear transitions J i → J f = J i , J i ± 1 (π i = π f ) taking into account the neutrino mass. In Section III an expression for the recoil force acting on a radioactive sample is obtained. In particular, it is shown that in the case of J i → J i − 1 for completely polarized nuclei this force is three times smaller than that obtained from qualitative considerations in Ref. [8] . In Section IV electroncapturing isotopes suitable for neutrino recoil force measurement are presented. In Section V we give numerical estimates for the recoil force. Due to some factors, the estimated values are smaller than those given in Ref. [8] . We show, nevertheless, that measurement of the recoil force seems possible by using the methods of magnetic resonance force microscopy. In Section VI we discuss characteristics of suitable isotopes and the corresponding recoil forces. Section VII is devoted to proposals for applying recoil force measurements in neutrino and weak interaction physics. In Conclusion (Section VIII) we summarize the results and discuss possible ways to improve sensitivity of the proposed measurements.
II. NEUTRINO EMISSION ASYMMETRY
As mentioned above, the asymmetry of neutrino emission in EC was first obtained in Ref. [13] . Recently this result was reproduced in Ref. [14] , where some extra contributions were discussed resulted from a hypothetical Lorentz invariance violation. Below we present a short derivation of the differential rate for electron capture for the case of an allowed nuclear transition, suggesting neutrino has a mass m ν , so that E 2 = p 2 c 2 + m 2 ν c 4 , where E = E νnx and p = p νnx are the neutrino energy and momentum.
Consider a polarized nucleus with spin J i ≥ 1/2 capture an electron from an arbitrary x-shell of the initial atom and undergo transition to the n-th state |nJ f M f of the daughter nucleus with spin J f and its z-axis projection M f . The initial state vector is a superposition
where summation is done over states with the z-axis projection M i of spin J i . The neutrino emission rate in the direction n ν into a solid angle dΩ is determined by the Fermi golden rule:
is the weak interaction Hamiltonian, acting in the space of non-relativistic 2-component wave functions of the j-th nucleon (summation over j in Eq. (4) is done over all nucleons); σ e and σ ν are the spin projections on z-axis for the captured electron and the emitted neutrino (we mainly use the notation from Ref. [15, Ch. 10] ; see also [16, 17] ). Here G F is the Fermi constant; V ud is the element of quark mixing matrix; g V and g A are the vector and the axial nucleon form factors; j λ (σ e , σ ν ) are the components of the lepton current four-vector (λ = 1, 2, 3, 4); r j , σ j and τ j− are the position, spin operator and operator decreasing the isospin projection for the j-th nucleon. Since pR/ 1, where R is the nuclear radius, in the following we take the exponential in (5) equal to one.
The neutrino emission rate has to be averaged over the nuclear spin states. For z-axis chosen along the nuclear polarization vector, the spin density matrix averaged over the initial nuclei ensemble is diagonal, is determined by the following bispinors:
where ϕ e , ϕ ν are two-component spinors, ψ x (0) is the radial wave function of the captured electron in the x-state at the origin (on the point-like nucleus). The phases of nuclear wave functions are chosen so that the matrix elements in Eq. (4) are real [18, §1B-2] . Using the WignerEckart theorem, we express the matrix elements in terms of reduced matrix elements according to the definition given in [15, Ch. 10] ,
To present the results, it is convenient to rewrite the neutrino emission rate (4) and the corresponding angular distribution (2) in the following form:
where w nEC = x w nx is the total rate of the transition |J i → |nJ f due to EC; the ratio P nx = w nx /w nEC determines the probability to capture an electron from the x-shell. The factor
is smaller than unity for m ν = 0 and becomes unity for massless neutrino. In the case of pure Gamow-Teller transitions J i → J f = J i ± 1 (if J i = 1/2, then the only possible transition is J i = 1/2 → J f = J i + 1 = 3/2), one obtains:
where
If J f = J i , and a mixed Fermi and Gamow-Teller transition takes place, then
The dependence of the asymmetry coefficient B n (17) on the parameter ξ n (18) with fixed J i is presented on Fig. 1 . Note that the maximal (at ξ n1 = − (J i + 1)/J i ) and the minimal (at ξ n2 = J i /(J i + 1) ) values of B n coincide with the results for J f = J i + 1 and J f = J i − 1 given by Eq. (15) . For massless neutrino our results coincide with those presented in Refs. [13, 14] . Clearly, the impact of neutrino mass is very small, so in what follows we neglect it except for the subsection specially devoted to the possibility to measure m ν .
III. NEUTRINO RECOIL FORCE
Generally, an atom with a neutron-deficient nucleus is unstable with respect to EC and β + -decay; let I nEC and I nβ+ be the corresponding branching ratios for transition to the n-th state of the final nucleus ( n I nEC + n I nβ+ = 1). The decay rate w nEC = I nEC ln 2/T 1/2 for the electron-capture transition is determined by the branching ratio I nEC and by the half-life T 1/2 of the radioactive atom. Note that a sample containing N radioactive atoms has the activity α = N ln 2/T 1/2 .
The z-component of recoil force F nz = ∆P nz /∆t is determined by the momentum
transferred to the sample during the time ∆t. The formula involves the neutrino energy averaged over atomic shells x,
so that p nz = E νn cos θ/c is the z-component of momentum for the neutrino emitted at the angle θ. Substituting the differential rate dw nEC (θ) (12) into Eq. (19) and integrating over dΩ, one obtains:
(21) Thus, the recoil force, caused by the neutrino emission asymmetry, is determined by the product of the sample activity α, the branching ratio I nEC , the neutrino energy E νn , the asymmetry coefficient B n , and the nuclear polarization P .
In a constant magnetic field B at a temperature T , the polarization P (7) arises from the Boltzmann distribution of nuclear states (the z axis is along B),
where E Mi = −µBM i /J i is the state energy, µ is the nuclear magnetic moment, k B is the Boltzmann constant, and is given by (see, e.g., Ref. [19] ):
where β = µB/(k B T ). Since nuclear magnetic moments are of the order of the nuclear magneton µ N , the value of β is small even in a strong magnetic field B at a relatively low temperature T . Indeed, taking B 0 = 1 T and
In the case of β 1, the polarization (23) and the zcomponent of the sample magnetic moment M z = N µP take the form
where γ = µ/( J i ) is the nuclear gyromagnetic ratio.
As the temperature decreases, the magnetic moment (as well as the polarization) increases according to Curie's law:
Assuming µB k B T and using Eq. (25) for the polarization P , we rewrite the recoil force (21) acting on a sample, which consists of one sort of radioactive atoms and has a mass m, as follows:
where B[T ] is the magnetic field measured in Tesla (T),
is the temperature measured in Kelvin (K), the coefficient
is determined by the initial and final nuclear spins and by the transition type (see Eqs. (15) and (17) for B n ), while the force parameter
depends on the transition characteristics and the initial atom properties, in particular, on its mass m a . The coefficient B n (as well as the coefficient C n ) can be either positive or negative; therefore, the contributions from different transitions, generally speaking, will partially cancel each other. Because of this, in the following we mainly discuss the simplest situation, when there is only one selected allowed transition with the branching ratio I nEC ≥ 0.98 (the contribution to the recoil force from neglected transitions will not exceed ∼ 2%, which is comparable with other uncertainties).
Pure Gamow-Teller transition is an especially simple case, for which the coefficient B n is known. If J i → J i −1, then B n = −1 (substitution into Eq. (21) gives an expression which differs from the one obtained in Ref. [8] by the factor of 1/3). For transitions J i → J i + 1, the coefficient B n (15) only slightly differs from unity, so the recoil force will be of the same order of magnitude as in the case of J i → J i − 1. As for the transitions of mixed type J i → J i , the absolute value of the coefficient B n can be comparable to unity at favorable values of parameter ξ n (18) (in principle, it is even possible to get
IV. SUITABLE ISOTOPES
A list of isotopes with non-zero spins decaying only (I nEC = 1) or mainly (I nEC ≥ 0.98) by EC via allowed transition to a single final nuclear state is not too wide. Recently we composed such a list for GamowTeller transitions in the context of the problem of modulated neutrino beams formation [6] (see also [7] ). Here we present an extended list of suitable isotopes that decay via Gamow-Teller transition into the ground or excited states of daughter nuclei; see Tables I and II . As for transitions between the nuclei with the same (non-zero) spins and parities (i.e. for mixed Fermi and GamowTeller transitions), there are only two suitable isotopes (note that argon is a gas under standard conditions, but it solidifies at temperatures below 83.85 K); see the top part of Table III . For both isotopes, transitions are going to the ground states of the final nuclei with the probability I EC = 1. Besides, we adduce three more isotopes with two transitions, to the ground and excited states of the final nucleus, with the total intensity I EC ≥ 0.98; see the bottom part of Table III . One of the transitions is of pure Gamow-Teller type, while the other one is of mixed type.
In Tables I-III we present the basic properties of the decaying nuclei (half-lives T 1/2 , magnetic moments µ) and of the selected nuclear transitions (branching ratio I nEC , excitation energy of the final nucleus E * n , energy release Q nEC , neutrino energy E νn ). These data are used to calculate the force parameter f n (its values are also shown in the Tables) and other relevant quantities. All numerical values are taken from the website [20] .
Note, that the values of the neutrino energy E νn (20) are provided on the website [20] for some isotopes, but not for all. However, the values of E νn can be easily found. Indeed, the energies E νnx (1) follow from the data [21] on excitation energies E x of the final-state atoms with holes in x shells, while the probabilities P nx are given on [20] for x = K and L for all transitions. Thus, we calculated the energies E νn for all isotopes of interest using Eq. (20) and assuming P nM = 1−P nK −P nL . The reliability of the calculated values is confirmed by their agreement with the ones presented on the website [20] .
We also performed similar computations for the energies of electron-capture secondary products and the corresponding heat loads. If the transition occurs to the ground state of the nucleus, the total released energy is distributed between the neutrino and the final-state atom excitation: ∆(mc 2 ) = E ν0x + E x (see Eq. (1); as mentioned previously, we neglect the recoil energy). The energy E x is, in turn, distributed between the secondary products of the decay, x-rays and Auger electrons (AE), emitted by the excited atom. For the transition to an excited state of the final nucleus, we have ∆(mc 2 ) = E νnx + E * n + E x . The nuclear excitation energy E * n is also distributed between the secondary products: γ-rays, conversion electrons (CE) and additional x-rays and AE resulted from recombination of holes in the K-, L-, M -, . . . shells of the final atom, caused by CE emission. The total energy of the secondary products per decay is given by
and the corresponding total power caused by EC and released in a sample is
However, it is crucial to know the energy E AE,CE released in electron emission. Indeed, as it was reasonably noted in Ref. [8] , the experimental setup can be designed so that the radiation will not be absorbed in the radioactive sample or in the cooled area. Thus, the heat load will be mainly determined by the secondary AE and CE. Using integral and differential data on energies and intensities for secondary processes presented on the website [20] , we found the values of E AE,CE and the corresponding heat loads
for all the isotopes and transitions of interest.
V. NEUTRINO RECOIL FORCE: MEASUREMENT PROSPECTS
The key element of an atomic force microscope is the cantilever, a micromechanical beam of length l, width w and thickness t, made of a material with Young's modulus E clamped at one end and with a tip at the other one (see, e.g., [22] ). The force F acting on the tip and its displacement z are related by Hooke's law z = F/k, where the spring constant is given by
Atomic force microscope is usually operated in either contact or noncontact mode. In contact mode, the cantilever is in hard contact with the surface and moves over it; measuring the tip displacement gives the force acting on it. In noncontact mode, the tip on the free end oscillates with the fundamental frequency of the cantilever ω c , while placed at a distance from the surface; this allows to determine, e.g., a force gradient by measuring the frequency shift. In Ref. [23] , an atomic force microscope with the cantilever spring constant 0.2 N/m was operated in contact mode, and the accuracy of force measurement was 10 −12 N. With this result, the authors of [8] estimated the mass of a 119 Sb sample, required to obtain the neutrino recoil force F = 10 −12 N at 100% nuclear polarization. Reproducing this estimate by Eq. (21) with B n = −1, E νn = 542 keV and I nEC = 1 (see Table II ), we obtain the activity α = 10.4 GBq, the number of atoms N = 2.1 · 10 15 and the sample mass m = 4.1 · 10 −7 g (our results for α, N and m are three times greater than those from [8] , because, as previously mentioned, our formula for the recoil force contains an additional factor of 1/3). The mass of the sample is comparable to that of the silicon cantilever tip m t = 1.4 · 10 −7 g, calculated by the authors of [8] from the data given in Ref. [23] . Therefore, if the polarization of 119 Sb nuclei can be raised to unity by the use of extremely strong intra-atomic magnetic field at very low temperature (as it was assumed in Ref. [8] ), so that µB ∼ k B T (we discuss this option below), the situation for the antimony isotope seems quite optimistic.
TABLE I. List of Gamow-Teller transitions from the initial nucleus
A Xi to the ground state (n = 0) of the final nucleus A X f due to EC. Here T 1/2 and µ are the half-life and the magnetic moment of the initial nucleus, InEC is the branching ratio of the transition, E * n is the excitation energy of the final nucleus, QnEC is the energy release in EC, Eνn is the neutrino energy, fn is the force parameter for the transition, mmin, Nmin, αmin, W min e , and W min t are the minimal values of the sample mass, number of decaying atoms, sample activity, heat load from secondary electrons, and total power of the electron-capture secondary products (see text for details), P is the thermal polarization of the initial nuclei for B = 10 T and T = 1 K. If, however, one considers the case of µB k B T with a relatively low nuclear polarization, the recoil force of 10 −12 N appears inaccessible for 119 Sb as well as for other isotopes.
Fortunately, the use of an oscillating cantilever in noncontact mode allows to measure forces much smaller than 10 −12 N. In particular, this is the case for magnetic resonance force microscopy (MRFM) [22, [24] [25] [26] . In one of the versions of this method a sample with a magnetic moment M z is attached to a cantilever; the force acting on the sample results from a gradient ∇B(z) of inhomogeneous magnetic field. Note, that magnetic moment of the sample is due either to unpaired electrons or to nuclei with non-zero spins (and magnetic moments). Thus, the methods of electron paramagnetic resonance (EPR) or nuclear magnetic resonance (NMR) can be applied. Namely, affecting the sample by a specifically modulated oscillating magnetic field (for NMR, with a frequency ω rf close to ω NMR = γB), one induces oscillations of magnetic moment M z with the modulation frequency ω. In the case of NMR, one uses the method of cyclic adiabatic inversion (see details in Ref. [25] ). Then the force
oscillates with the same frequency ω. When ω = ω c , we get a resonance at which the amplitude of the cantilever displacement caused by the force of amplitude F 0 reaches its maximal value x 0 = QF 0 /k, where Q is the quality factor. Hence, with a fixed accuracy of displacement measurement, the sensitivity to the force increases by a factor of Q. This is one of the methods of magnetic resonance registration, used in MRFM. The advantage of the method is its high sensitivity: magnetic resonance is detected in very small samples, for which the standard registration methods are inapplicable. For our purposes, the following is important. Let us assume that a sample consisting of N electron-capturing atoms and attached to a cantilever is put in a constant and homogeneous magnetic field B. The nuclear polarization P in equilibrium is given by Eq. (23) or, in the case of µB k B T , by Eq. (25) . Using cyclic adibatic inversion, one can initiate oscillations of the nuclear magnetic moment M z = N µP of the sample at the resonant frequency of the cantilever ω c . But these oscillations are, in fact, the oscillations of polarization P . Therefore, the neutrino recoil force (21), proportional to P , will also oscillate. In this case, Eqs. (21) and (26) determine the amplitude F n = |F nz | of this force.
Thus, the neutrino recoil force can be measured in the same manner as the force acting on a magnetized sample in MRFM. Of course, the homogeneity of the magnetic field has to be sufficiently high to ensure that the magnetic force (33) is much smaller than the recoil force.
The limitations of the method described above are re- 5.26 0.14 lated primarily to the thermal fluctuations [25] . At a given temperature T , the minimally measurable force is [24, Eq. (4.10a)] (see also [25, 27] ):
where ∆ν is the measurement bandwidth. For estimates, let us assume it equal to the half width at half maximum of the resonance, ∆ν = ω c /(2Q) (this is equivalent to a requirement ∆ν = 1/τ , where τ = 2Q/ω c is the oscillator damping time); this leads to
Evidently, the sensitivity to the force can be improved by increasing the quality factor Q, lowering the temperature T and reducing the spring constant k (32). In Ref. [27] , a technology was presented to produce thin (up to t = 50 nm) and long (up to l = 400 µm) cantilevers, made of single-crystal silicon with a spring constant up to 10 −5 N/m and a quality factor of 10 3 -10 4 ; further development allowed to achieve Q ∼ 10 5 [22, 25] . Since
at k = 10 −5 N/m, T = 1 K and Q = 10 5 , this technology opened a possibility to measure attonewton and sub-attonewton forces. In addition, a mass load to the free end of a cantilever to suppress oscillation modes of high orders was proposed in Ref. [28] . Note that the cantilever is positioned vertically; its upper end is clamped (see Fig. 2 ). Ultra-thin cantilevers of this type with the mass load slightly exceeding the mass of the cantilever were successfully used, e.g., in studies [29] [30] [31] . The mass load determines, in fact, the effective mass of the oscillator m eff , which, along with the spring constant k, gives the fundamental frequency of the cantilever oscillations: Table I ; m, N , α, We, and Wt are the sample mass, number of decaying atoms, sample activity, heat load from secondary electrons, and total power of the electron-capture secondary products (see text for details), Fn is the recoil force for pure Gamow-Teller transition or the maximal recoil force for mixed Fermi and Gamow-Teller transition. To obtain the estimate (36) we used the value T = 1 K taking into account the following. In order to enhance the quality factor, modern studies in the field of MRFM are performed at low temperatures (and at high vacuum). However, in the process of sample remagnetization, during cyclic adiabatic inversion, heat is produced. The system also receives energy from the optical laser interferometer, which is used to detect the cantilever deflection. As the result of efforts to minimize the heat load, the temperature was lowered to T 1 K [31] (in particular, the laser light power in the interferometer was reduced to 100 nW). This is why below we keep the "conservative" estimate T = 1 K for the temperature.
Let a radioactive sample of mass m be a mass load. What is the upper limit on m? Following Ref. [27] , we take a cantilever with a maximal length l = 400 µm and a maximal reasonable width w = l/10 made of singlecrystal silicon (with Young's modulus E = 1.31 GPa and the density ρ = 2.33 g/cm 3 ). According to Eq. (32), the required value of k corresponds to the thickness t 80 nm and, therefore, the cantilever mass m c 0.3 · 10 −8 g. Taking the density ρ = 5 g/cm 3 and the volume of 40 × 40 × 10 (µm) 3 for the sample, we obtain m max 10 −7 g for the maximal mass. The oscillation frequency (37) of such a loaded cantilever is ν c = ω c /(2π) 50 Hz (note that usually kHz-range is used, however, e.g., the MRFM based study [32] was performed with ν c = 490 Hz).
Obviously, for a small sample with a mass, say, m m 0 = 10 −10 g, a better option is a cantilever, made of the same material and with the same spring constant as discussed above, but with smaller dimensions l = 100 µm, w = 2 µm, t = 50 nm and the mass m c 2.3 · 10 −11 g (similar cantilevers with a mass load ∼ 10 −10 g were used in Refs. [29] [30] [31] ). The oscillation frequency of such a "small" cantilever is ν c0 1.5 kHz. For definiteness, let us assume that a radioactive sample of mass m < m 0 is placed on the "small" cantilever, which is additionally loaded up to the mass m 0 with any non-radioactive material (so its frequency is still ν c0 ).
Applying the obtained limits on F n and m to Eq. (26), we get
Thus, the method described above allows to measure the neutrino recoil force for a sample of electron-capturing isotopes provided the force parameter f n satisfies the condition (38) for reasonable values of magnetic field B and temperature T .
VI. NEUTRINO RECOIL FORCE FOR THE SELECTED ISOTOPES
Taking into account the capability of modern superconducting magnets, we suppose B = 10 T. The absolute value of the coefficient C n (27) is close to unity for pure Gamow-Teller transitions, as well as for mixed transitions with a favorable value of the parameter ξ n . Thus, setting |C n | 1 and T = 1 K, we obtain from (38):
We used this condition to select the isotopes for Tables I-III. For many transitions in the Tables the condition is fulfilled with a margin. Let us find the minimal sample mass providing a detectable neutrino recoil force for each of the selected Gamow-Teller transitions (see Tables I and II) . To do this we substitute B = 10 T and T = 1 K into Eq. (26) and rewrite it in the form:
There is, however, an additional lower limit on the sample mass: during one period of cantilever oscillations, the average number of emitted neutrinos should be sufficiently large. Taking this number equal 100 (as an estimate), we get
The frequency ν c = ω c /(2π) is determined by Eq. (37), where m eff = m, if m > m 0 = 10 −10 g, and m 0 , if m < m 0 . In practice, it turned out that m min = m 1 for all isotopes, except for the sample of 135 La (its minimal mass was found from Eq. (41)). Clearly, an increase in the mass m (to increase the recoil force) above the minimal value m min certainly results in the raise of α/ν c .
In Tables I-II for each isotope (and each selected transition) we present the minimal sample mass m min and the corresponding number of radioactive atoms N min , sample activity α min , heat powers caused by the electron-capture secondary products W Notice that the force parameter f n (28) depends on four quantities: the half-life T 1/2 and the magnetic moment µ of the initial nucleus, the mass of the initial atom m a and the neutrino energy (averaged over x) E νn . All these quantities significantly vary from nucleus to nucleus and from transition to transition. Nevertheless, in the case of one predominant transition there is a correlation between the half-life T 1/2 and the energy E νn (which is slightly less than Q nEC ), because the larger is E νn , the less is T 1/2 . Hence, the ratio E νn /T 1/2 in Eq. (28) is decisive. So it is not surprising that the isotopes (and transitions) in Tables I and II are arranged in such a way that with the decrease of f n the value of T 1/2 tends to increase, while the energy E νn tends to decrease. Variations in the magnetic moment µ and the mass number (along with the mass m a ) bring in some irregularities in these tendencies. Similarly, with the increase of m min the total number of atoms N min increases almost monotonically.
For nuclei with mixed Fermi and Gamow-Teller transitions (see Table III ) we use another approach. Here it is possible to determine only the maximal force, taking |C n | = |C max n | = (J i + 1)/J i in Eq. (26) . For each isotope in Table III the sample mass m was chosen from the rounded-off values 10 −7 g, 10 −8 g, 10 −9 g, . . . in such a way the maximal force F n for the mixed transition somewhat exceeds F min (36) . For the chosen mass m we present the number of atoms N , sample activity α, heat powers due to the electron-capture secondary products W e and W t . The nuclei in the top and bottom parts of the Table are arranged in the ascending order of mass number.
One can readily see from Tables I-III that the sample activity α varies but slightly: it is of the scale of 1 MBq, even though N may change by 5 orders of magnitude. This is because of Eq. (21) . Indeed, the sample activities α for different isotopes and transitions are to be comparable, if comparable are the recoil force and the values of I nEC , E νn , B n , and P .
The situation is similar for the heat powers W e (31) and W t (30) . Typically, the energies of secondary electrons are of the scale of some tens of keV, thus the corresponding heat load is of the scale of nW for α = 1 MBq (indeed, 1 MBq · 10 keV 1.6 nW). It means that the radioactive decays contribution to the total heat load should not be a problem, because even for the temperature 25 mK the cooling power of modern dilution refrigerators is of the scale of tens µW [8] .
In principle, the recoil force can be increased by the use of strong intra-atomic magnetic fields. Their application was discussed in Ref. [8] . There is information on hyperfine magnetic fields 22.5 T for 57 Co, 18.785 T for 65 Zn, 70.6 T for 119 Sb and 33.3 T for 131 Cs (see Table 1 from Ref. [8] ; the basic properties of these isotopes are also presented in Tables I-III of the present work) .
Note, however, that only for the isotope 57 Co the hyperfine field arises in cobalt metal. In the other cases, the hyperfine magnetic field on isotopes of interest arises in the presence of other elements, in particular, Zn and Cs are to be in iron, Sb in a compound Pd 2 MnSb. Therefore, in the case of Zn, Sb and Cs isotopes, radioactive atoms will account for only a fraction of the sample attached to a cantilever. At the same time, the advantage in the value of the magnetic field is not that significant compared to the field from superconducting magnets. Note also, that at T = 1 K even for the 119 Sb isotope in a hyperfine magnetic field 70.6 T, the polarization reaches only ∼ 4 %. Thus, the estimates reproduced above for completely polarized 119 Sb nuclei are only valid if, following Ref. [8] , one assumes that the temperature can be lowered to 25 mK; in this case Eq. (23) leads to P 87 %.
The impact of intra-atomic fields can be easily evaluated by scaling the data presented in Tables I-III. If, for instance, in a 57 Co sample each nucleus is affected by the hyperfine field B = 22.5 T (instead of 10 T) at the temperature T = 1 K, then the sample with the mass m = 3.5 · 10 −10 g (see Table II ), attached to a cantilever, will generate a recoil force 2.25 · 10 −19 N (instead of 10 −19 N).
VII. POTENTIAL APPLICATIONS A. Neutrino mass. Fundamental symmetries
For a pure Gamow-Teller transition, J i → J i ± 1, the asymmetry coefficient B n and the other factors determining the recoil force (21) seem to be fully defined. So, in principle, a precise measurement of the recoil force for the isotopes from Tables I and II can give some information on the corrections to these factors. In reality, any factor is defined with some accuracy, thus the measurable magnitudes of corrections would be limited by the uncertainty of the recoil force.
Notice, in particular, that even the coefficient B n is not completely determined by Eq. (15) . Indeed, Eq. (15) is obtained assuming the V-A variant and time reversal invariance (TRI) hold. In fact, tensor coupling as well as TRI violation may contribute to the coefficient B n , as it seen from Ref. [13] . Current limitations for these factors are presented, e.g., in Ref. [33] (see also references therein). A consistent analysis of the accuracy of B n and all other factors entering Eq. (21) is beyond the scope of this paper; we outlined the situation only to clarify the next issue related to the neutrino mass.
In principle, the recoil force depends on the neutrino mass via the neutrino momentum,
that determines both the recoil momentum (19) and the reduction factor η n (14) for the asymmetry coefficient.
To simplify, we take into account only K capture and obtain
We do not consider the impact of neutrino mass on the integral decay rate w nEC (due to phase space reduction) because we expressed it in Eq. (21) in terms of the observed half-life T 1/2 . Thus, the recoil force includes a product of the factors (42) and (43) and have a somewhat smaller value for massive neutrino:
The effect of the neutrino mass on the recoil force was discussed in [9] (but in doing so the factor (43) was not considered) taking into account the existing limit m ν c 2 ≤ 2 eV. Taking Q nEC 100 keV, one obtains relative change in force of order of ∼ 10 −10 . Obviously, this value is much smaller than the accuracy with which the recoil force (21) can be determined. For this reason, the neutrino mass is hardly unlikely to be measured in this way.
However, unique contributions to the asymmetry of neutrino emission can be detected even if they are smaller than the uncertainty of the regular term B n P (n ν n I ) in (12) , where n ν and n I are unit vectors along neutrino momentum and nuclear polarization axis (η n is taken equal to one). Such contributions resulting from hypothetical Lorentz invariance violation were recently found in Ref. [14] . One of them for a pure Gamow-Teller transition is of the form
where χ s0 i (s = 1, 2, 3) are imaginary parts of the components of a complex tensor χ µν which parametrizes Lorentz violation.
One can see from Fig. 2 that measuring the recoil force for the polarizing magnetic field B directed along the axis y allows to detect or to set upper limit on the value of χ i (according to Ref. [14] , at present this value is unconstrained). Clearly, the isotopes from Tables I and II (some of them were discussed in Ref. [14] ) are the most suitable for such experiment.
B. Probability distribution Px
The probabilities P x of electron capture from different shells x are of specific interest because they are determined by purely atomic properties. In the approximation of point-like nucleus the ratio
is sensitive to the electron wave functions on the nucleus. Such ratios are measured by detecting the secondary products of EC, i.e., Auger electrons and x-rays [34] . Throughout the paper we used the evaluated probabilities P x (or the averaged energies E νn calculated with these evaluated probabilities) given on the website [20] . Of course, these evaluations are consistent with all accessible experimental data. However, an independent approach to determine the probabilities P x is of interest.
Measuring of the recoil force may be considered such an approach. Indeed, the force (21) is proportional to the neutrino energy E νn (20) , averaged over x. Taking into account only the dominant contributions of K and L shells, one can obtain the probabilities P K and P L from the equations:
Adding P M to P K and P L and assuming some relation between them, one can find the capture probabilities in such extended model. Clearly, the larger is the difference between E νnL and E νnK , the higher is the accuracy of this method. The difference increases with the charge of the radioactive nucleus and takes the values from 5.3 keV for the decay 54 Mn → 54 Cr to 55.7 keV for the decay 179 W → 179 Ta (we  account for only pure Gamow-Teller decays included to  Tables I and II each being determined by a definite asymmetry coefficient B n ).
C. Mixing ratio for Fermi and Gamow-Teller contributions
Isotopes from Table III decay via mixed Fermi and Gamow-Teller transitions, which involves two reduced matrix elements. The decay rate is determined by the sum of the squared matrix elements, see Eq. (17) . By measuring the recoil force, one can obtain the asymmetry coefficient B n and, subsequently, the ratio of the reduced matrix elements (see Eq. (18)), taking the ratio g A /g V = −1.27 as known [35] . Thus, Fermi and Gamow-Teller contributions to the decay rate can be distinguished. The two isotopes, 37 Ar and 49 V, from the top part of Table III are the most suitables for such measurement.
In the bottom part of Table III , three isotopes are presented that undergo a pure Gamow-Teller transition (of type J i → J i − 1 for all three isotopes) or a mixed transition (J i → J i ). In this case, the recoil force is the sum of two contributions (21) , one of which corresponds to the Gamow-Teller transition and can be calculated explicitly. Therefore, the recoil force measurement probes, in fact, the coefficient B n (and the corresponding ratio of reduced nuclear matrix elements) for the mixed transition.
For the isotopes 7 Be and 51 Cr the Gamow-Teller transition occurs to an excited state of the daughter nucleus with a relatively small branching ratio, while the mixed transition occurs to the ground state of the daughter nucleus with a relatively high branching ratio. As a result, the force caused by the pure Gamow-Teller transition (which can be evaluated explicitly), is by one order of magnitude smaller than the maximum possible force caused by the mixed transition. For this reason, the situation is quite similar to the case of 37 Ar and 49 V. As for the isotope 65 Zn, both transitions have comparable branching ratios, but the pure Gamow-Teller transition occurs to the ground state of the daughter nucleus and produces much larger neutrino energy. Consequently, the force related to this transition (and explicitly calculable) turns out to be large (F 0 = 46.5 · 10 −19 N). In this case, in contrast to the previously discussed, a relatively small force (its maximal value F n = 8.1 · 10 −19 N is given in Table III) caused by the mixed transition and dependent on the ratio of the reduced matrix elements (18) , is, in fact, a correction to F 0 .
VIII. CONCLUSION
A sample of radioactive atoms experiences a recoil force from neutrino radiation accompanying electron capture by polarized nuclei provided there is a directional asymmetry of neutrino emission. This recoil is of interest for at least two reasons. First, the force is proportional to the asymmetry coefficient, i.e., the force measuring is equivalent to measuring of the neutrino angular distribution asymmetry. Second, the recoil is also proportional to neutrino momentum transfer to the sample. Thus, the force is sensitive to factors determining the momentum (the neutrino mass among them).
In this paper, we derive the asymmetry coefficient due to parity violation for allowed nuclear transitions taking into account the neutrino mass. An expression for the corresponding neutrino recoil force acting on the sample is obtained. We show that the magnitude of this force for pure Gamow-Teller transitions and for mixed Fermi and Gamow-Teller transitions are comparable. Prospects to measure this force by the use of modern micromechanical devices are discussed and appear to be realistic. Numerical estimates for the force are performed for a number of most suitable radioactive isotopes.
It is shown that, as it would be expected, the sensivity of the recoil force to neutrino mass is too small to detect the mass. However, another factor governing the neutrino momentum can be revealed. EC is, in fact, a transformation of the whole atom (not only the nucleus). Thus, the daughter atom gets one of the excited states each being related with a definite energy of the emitted neutrino. Since the recoil is determined by the neutrino energy averaged over the final atomic states, the force turns out to be a source of information on the probability distribution over these states.
Besides, as mentioned above, the recoil force is intimately related with the asymmetry of neutrino angular distribution. As for parity violation, the asymmetry coefficient for allowed nuclear transitions was first found in Ref. [13] . It has a definite value for a pure Gamow-Teller transition. However, for a mixed Fermi and GamowTeller transition, the coefficient is determined by the ratio of the corresponding reduced matrix elements. Thus for such a mixed transition, this ratio can be found by the recoil force measurement. In the same manner, the recoil force can give information on hypothetical Lorentz invariance violation resulting unique asymmetry terms in the neutrino angular distribution [14] .
We show that the recoil force being very small can be measured by the use of the methods developed in magnetic resonance force microscopy (MRFM). It means, in particular, that further improvements discussed in MRFM (see., e.g., [36, 37] ) could be used as well to increase accuracy of the neutrino recoil force measurements.
The first point to focus on is the nuclear polarization P . Throughout the paper we assumed that the polarization results from the Boltzmann distribution (22) at the temperature T = 1 K in the magnetic field B = 10 T. Under these conditions the polarization, as it is seen from Tables I and II, does not exceed 1 % (this also holds for the isotopes from Table III) . Meanwhile, the hyperfine interaction may be used to transfer the polarization from the electronic subsystem to the nuclear one. Different methods of such dynamical polarization, tested in MRFM experiments [32, 38] at the temperature ∼ 5 K, allowed to increase the nuclear polarization by the factor of ∼ 10.
Since the recoil force (21) is proportional to P , an enhancement of the polarization by 10-100 times by means of dynamical methods would increase the force by the same factor.
The second point to consider is reducing the threshold for the measured force (34) . This requires temperature lowering, as well as increasing the quality factor Q. To fulfill these requirements, one has to minimize the heat load by improving the system generating rf magnetic field, to develop new methods for cantilever displacement sensing and to probe new materials for microresonators production.
An additional factor can also contribute to the recoil force measurement improvement. MRFM is aimed at obtaining information about the magnetization distribution in a sample; this is only possible, if the magnetic force for every small part of the sample is measured quite quickly. Therefore, a bandwidth ∆ν 1/∆t in (34) cannot be too narrow. The recoil force measurement, on the contrary, can be carried out for a long time, with an effective narrowing of ∆ν.
Thus, the measurement of the recoil force caused by the neutrino emission in EC by polarized nuclei is of interest for physics of the weak interaction as well as for the search of effects beyond the Standard Model. This approach can become a useful complement to the experiments of traditional type, since it employs methods fundamentally different from the "standard" ones used in nuclear and particle physics. In the case of successful realization, these methods may appear useful for the other studies dealing with small force measurements.
